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1 INTRODUCTION 
During the whole life of a bridge, road and rail traf-
fic loading produce large numbers of repetitive load-
ing cycles in bridge elements which can thus be-
come susceptible to fatigue damage. A reinforced 
concrete bridge deck may experience up to 8107   
stress cycles during the course of its 120 year 
lifespan, thus it is important to be able to assess the 
fatigue performance of such structures.  
In reinforced concrete structures, the fatigue 
strength of the steel reinforcement (rebar) is deter-
minant since the fatigue failure of concrete is unlike-
ly to occur if the concrete is in good condition, i.e. 
concrete is not suffering from any deterioration 
mechanism (cracking) due to bar corrosion, frost or 
alkali-aggregate reaction (Plos et al. 2007).  
Fatigue safety of reinforced concrete bridge decks 
includes a fatigue safety check of the rebars, and ex-
isting knowledge in fatigue behaviour of steel struc-
tures can be adopted. Fatigue failure of the steel is 
described in the crack initiation period, which in-
cludes crack nucleation and micro crack growth, fol-
lowed by a stable crack growth period and the final 
failure phase. As the rebars are ribbed, the presence 
of stress concentrations at the root of those ribs may 
initiate crack growth. 
When the rebar is solicited by fatigue and the 
fracture surface is macroscopically examined, it is 
often possible to identify a fairly smooth surface 
where the dominant fatigue crack has formed and a 
rougher surface (Fig. 1) which corresponds to the fi-
nal fracture. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Cross section of the rebar surface with fatigue crack 
evolution. 
 
 
The fracture surface also can reveal the point of 
crack initiation since the “beach marks” in the fa-
tigue crack growth area point back towards the frac-
ture origin (ASM Handbook, 1996).  
 
2 FRACTURE MECHANICS APPROACH  
The fatigue life of the rebars can be predicted by the 
Fracture Mechanics based on the principle that the 
stress state near to the crack tip is uniquely de-
scribed by a single parameter, the stress intensity 
factor K , or under cyclic loading conditions, the 
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stress intensity factor range, K , as shown by the 
equation:  
YaK   (1) 
 
where   is the applied cyclic stress range, a  is 
the crack size and Y  is a shape factor which de-
pends on the element and crack geometry.  
The cyclic stress intensity factor K  associated to 
the Paris law provides the number of fatigue cycles 
to propagate a crack under an applied stress range. 
The Paris law equation (Paris et al. 1961) is valid 
only for stable crack propagation and described by 
the following expression: 
mKC
dN
da   (2) 
where dNda / is the crack growth rate, C  and m  
are material (fatigue detail) constants experimentally 
obtained. In order to study the fatigue crack propa-
gation of the rebars using the Fracture Mechanics 
approach, the presence of an initial flaw, 0a  on a cy-
lindrical steel bar in form of a semi-circular crack at 
the surface and perpendicular to the steel bar axis is 
assumed (Fig. 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Rebar cross section with initial flaw and crack at 
fracture. 
 
 
Stable crack growth is assumed from the initial 
flaw and the Paris law is applied for the crack 
growth calculations. Fracture of the rebar is estimat-
ed when the crack reaches the critical crack depth, 
craa  as determined considering the fracture 
toughness of the steel.  
2.1 Critical crack depth 
Rebar fracture occurs when the crack depth reach-
es craa   where the applied stress   is equal to the 
strength of the remaining cross section. Assuming a 
fatigue test where the stress range is constant, that 
stress corresponds to the superior stress level, 
thus sup  . 
Critical crack depth cra  for a brittle fracture of 
the rebars is given by the equation: 
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where crY is the shape is factor for cra  and IcK is 
the fracture toughness of the steel. This equation is 
deduced from the equation 1 putting crYY   and 
IcKK   .  
The fracture toughness or the critical value for 
the stress intensity factor IcK  is a material constant 
determined experimentally on pre-cracked speci-
mens. There is also an empirical relation between 
the impact strength of the Charpy test and the IcK  
value. The influence of variations of this value is 
very small on the fatigue life (Herwig, 2008) and a 
round value 2/33000  NmmKIc may be taken. 
The shape factor Y for a semi-circular crack in 
round bars (Fig. 2), under pure membrane stress 
conditions and given by the expression (BS 7910, 
1999): 
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where a  is the crack depth and r is the radius of the 
bar. This equation is only valid for a crack depth 
lower than 0.6 times the bar diameter, which covers 
the domain of rebar crack growth calculations.  
2.2 Plastic zone size 
When a crack grows under cyclic loading, local 
plasticity at the crack tip controls both fracture and 
crack growth and the plastic zone size can be calcu-
lated as a function of K . LEFM can be applied to 
analyse the crack propagation if the plastic zone at 
the crack tip is small compared to the surrounding 
K  field.  
A plane strain condition characterizes the local 
deformation behaviour in the K  field when the fol-
lowing equation is satisfied:   
2
5.2, 

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
yf
KBa  (5) 
where B  is the specimen thickness, a  the crack 
depth  and yf  is the yield strength of the material. If 
this criterion is not satisfied, plane stress behaviour 
is present at the crack tip.  
The plastic zone size estimated for fatigue cracks 
is based on calculations for monotonic loading. The 
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monotonic plastic zone size pr2  is obtained by the 
equation: 
2
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Considering the plane stress condition for the re-
bars, the cyclic plastic zone size ,2 pr  for 0R  corre-
sponds to 4/1  of the monotonic plastic zone and is 
given by the following equation: 
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LEFM application is valid for 8/arp   and 
8/pr  which shows that the plastic zone at the 
crack tip must be small compared to both the crack 
length and the geometrical dimensions of the speci-
men. Moreover, the nominal stress in the crack plane 
should often be less than 80% of the yield strength 
since a plasticity correction of approximately 20% is 
required for K  (Stephens et al. 2001). 
The stress intensity factor K  controls the crack 
growth and the crack tip plastic zone size. If the 
plastic zone size or applied stress is a large fraction 
of the crack size or the yield strength, respectively, 
the assumptions of the LEFM can be violated due to 
the excessive plasticity at the crack tip. However, as 
the cyclic plastic zone size is usually much smaller 
than the monotonic plastic zone size, the LEFM is 
often valid and applied to study the fatigue crack 
growth).  
 
2.3 Crack growth regime 
The fatigue life of the rebars until failure has been 
divided in three regions according to the figure 3: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Stages of crack propagation (after Schijve, 2001). 
The three regions in the KdNda /  graph are 
defined as (I) the K  threshold region, (II) the Paris 
K  region or stable crack propagation region and 
(III) unstable crack propagation region.  
The vertical asymptotes at the lower K  bounda-
ry of the region I, where thKK  , indicates that 
for K  values below this thK the crack does not 
grow or the crack growth rate is low. The asymptote 
at the upper K  boundary of the region III occurs 
for a K  cycle with cKK max , i.e., maxK  reaches 
the critical value which leads to complete failure of 
the specimen.  
 
2.4 Threshold Stress Intensity Factor thK  
Values of thK  are usually less than mMPa10 for 
steels (Stephens et al. 2001).  Work undertaken by 
Barsom and Rolfe (Dowling, 1993) provides a lower 
bound stress intensity factor threshold for various 
steels.  The thK  values are given by the following 
equations: 
17.0,191 2/3   RNmmKth  (8) 
______________________________________________ 
17.0,)85.01(4.222 2/3   RNmmRKth  (9) 
  
 where the stress ratio is maxmin /R . Accord-
ing to these equations, thK  tends to decrease as R  
increases.  
2.5 Estimation of the minimum crack length for the 
LEFM application 
Crack growth rate near threshold is generally under-
estimated using LEFM when the criterion for a large 
crack is not assumed. El Haddad et al. 1979 (by 
Ritchie & Murakami 2003) estimated the transition 
from short to large crack length 0a , where the LEFM 
is valid, shown in the equation: 
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where lim  corresponds to the fatigue limit and 
the  value is the one corresponding to the crack 
depth where thKK  .  
Fatigue limit, also called endurance limit, is the 
minimum stress amplitude that can nucleate a crack 
that grows until failure. A micro crack can be initiat-
ed below the fatigue limit but it does not grow into 
macro cracks due to microstructural barrier (Schijve, 
2003). The fatigue limit for rebar can be obtained 
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from the NS   curves which provide the fatigue 
strength in relation to the number of cycles.  
2.6 Crack growth calculation based on Paris law 
According to this approach, the number of cycles to 
propagate a crack from the depth iaa   to ja  is an-
alytically calculated by crack increments through the 
integration of the Paris law equation which leads to 
the following equation:  
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where ijN is the number of cycles which increase 
the crack depth from iaa   to ja , 12/  m ,   
is the average value between ia  and ja . The con-
stant values are  3m  and 13102 D  for the steel 
(Hirt et al. 2006). 
The number of cycles to propagate the crack 
propN  is counted for each a  increment and the 
fracture cycle number corresponds to the sum of all 
increment until fracture. The fatigue crack propa-
gates only if thKK   .  
3 CASE STUDY 
 
This report investigated the fatigue life of the rebars 
of one standard bridge type, i.e. single span girder 
with two webs that was used to build bridges of mul-
tiple spans in Brazil (Fig. 4). These bridges carry a 
single railway track which is trafficked by mineral 
ore trains. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Reinforced concrete railway bridge in Brazil. 
 
 
The reinforced concrete bridge under investiga-
tion was built in 1970 and is composed of three 
spans of m7.18 each (Fig. 5). The concrete has a 
compressive strength of MPafck 2.31  and rebar 
yield strength of MPaf y 500 . The single span 
beams show flexural cracks in the tension zone. The 
reinforced concrete bridge does not show any signif-
icant deterioration that would impair the structural 
resistance. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure5. Geometry of the bridge (cm): (a) Elevation (b) Cross 
section.  
 
 
Freight trains with different wagon types cross 
the bridge. Full ore wagons represent the worst case 
load effect and show an axle load of KN247 . In the 
future, the maximum axle load will increase 
to KN325 . Approximately 8740 trains cross the 
bridge per year (24 trains per day, 7 operating days 
per week and 52 weeks per year).  
Due to the planned increase in traffic volume and 
axle loads, the fatigue life of the most solicited re-
bars, which show a diameter of mm4.25 , was ana-
lysed using the Fracture Mechanics approach. The 
crack growth calculations were performed assuming 
the number of cycles 810N  for current traffic 
loads and increased traffic loading.  
 Stress range calculated in the rebars in the bot-
tom part of the two main girders due to the current 
maximum railway loading and increased by a dy-
namic factor 04.1  (EN 1991-2, 2003) 
was MPa8.79 . The stress ratio in the rebars 
was 48.0R  since the action effect due to dead 
load is about the same as the one due to traffic load-
ing.  
The characteristic fatigue strength of straight and 
bent rebars is  MPaRSk 5.162   at a number of 
cycles 6* 10N  (Fig. 6).  
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Figure 6. S-N curve for reinforcing and prestressing steel taken 
from EN 1992-1-1:2004. 
 
 
The slopes of the S-N curve are 51 k , 92 k  and 
A  correspond to the reinforcement at yield. The fa-
tigue strength Rsd  at N cycles is fatSRSk ,/ , 
where  fatS ,  is a partial safety factor for fatigue re-
sistance equal to 15.1  (EN 1992-1, 2004). 
Considering the stress level MPa8.79  due 
to the current loads, the number of cycles to fracture 
the rebar is given in the Figure 7. The crack grows 
from an initial depth 0a  until a predefined depth 
mma fr 15  where the crack is assumed.   
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
Figure 7. Calculated crack growth curve for current axle loads 
of 247KN.  
 
 
The minimum crack length where the LEFM is 
valid was obtained for mma 8.10   since the crack 
propagates when thKK  . As it is very unlikely 
that the rebars show any flaw with this size, it may 
be stated that, based on the LEFM, crack growth is 
not likely to occur for MPa8.79 . The cyclic 
plastic zone size at the crack tip, calculated from the 
equation 7, was very small compared to the crack 
length 0a . 
Considering the increased future rail traffic with 
maximum axle loads of KN325 , the stress range 
generated in the rebars and increased by the dynamic 
factor 04.1  was MPa7.104 . The stress ra-
tio is 44.0R  since the stress due to the dead load 
was obtained MPa3.82 . The number of cycles 
until fracture in relation to the crack depth from 
0a to mma fr 15  is given in the Figure 8.  
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Calculated crack growth curve for increased axle 
loads of 325KN.  
 
 
LEFM, thus Paris law, can be applied to calculate 
the crack growth in the rebars due to the increased 
future loads since a minimum crack length 
mma 2.10   is assumed. However, for mma 2.10  , 
cracks can propagate at a K  value below the threshold for large cracks. Sometimes these cracks 
grow faster than cracks at the same nominal thK  
value (Ritchie & Murakami, 2003). Consequently, 
the crack growth calculations when thKK   can 
be underestimated by the LEFM approach.  
According to the LEFM, an increase of %25  in 
the axle load can reduce by %70  the fatigue life of 
the rebar as demonstrated in Figures 7 and 8. Con-
sidering 8740 trains passing on the bridge per year 
and the stress range generated due to the future axle 
loads, the bridge exhibits a very large remaining fa-
tigue life of the bridge since approximately 15 mil-
lions cycles are theoretically required to fracture the 
rebar. 
Moreover, the crack growth calculations shown 
in Figures 7 and 8 correspond to the fracture of the 
first rebar of the lowest layer and additional fatigue 
life can be provided by the remaining rebars (Her-
wig, 2008). 
The reduction in fatigue life can also be estimated 
for an increased number of trains calculated through 
the equation: 
reftottot NN ,)1(   (12) 
where   is the traffic increase in percentage as-
suming that only the number of trains is changed and 
8740, reftotN  which corresponds to the total num-
ber of trains passing on the bridge per year. 
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Figure 9. Fatigue life variation as a function of the increase in 
the number of trains. 
 
 
According to Figure 9, an increase of %20  in the 
number of trains reduces the fatigue life of the 
bridge by approximately %20  . Therefore, the effect 
of the increased traffic volume is not as noticeable 
as the effect of higher axle loads.  
4 CONCLUSIONS 
 
Fatigue life of the rebar can be predicted using Line-
ar Elastic Fracture Mechanics since the cyclic plastic 
zone is very small at the crack tip and it is assumed 
the crack growth only if thKK  . The reinforced 
concrete bridge presented in this study is safe with 
respect to fatigue for the current and increased loads 
of the future. The rebars in the tensile zone of the 
bridge girder are solicited by a rather low fatigue 
stress range which shows that the bridge has large 
reserves in relation to fatigue based on the LEFM 
approach.  
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